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1. (Exercise 3.5.2 of [BS11]) Show directly from the definition that the following are
Cauchy sequences

(a)

✓
n+ 1

n

◆

(b)

✓
1

1!
+

1

2!
+ · · ·+ 1

n!

◆

2. Show directly that a bounded, monotone sequence is a Cauchy sequence without
using the Monotone Convergence Theorem.

3. Show that the Archimedean Property and the Cauchy theorem together imply the
axiom of completeness.

4. Use either the " � � definition of limit or the Sequential Criterion for limits, to
establish the following:

(a) lim
x!0

x2

|x| = 0

(b) lim
x!1

x2 � x+ 1

x+ 1
=

1

2

(c) lim
x!0

1p
x
, (x > 0) does not exist.

5. (Exercise 4.1.14 of [BS11]) Suppose c 2 R and f is a function on R so that
lim
x!c

(f(x))2 = L.

(a) If L = 0, show that lim
x!c

f(x) = 0 as well.

(b) If L 6= 0, provide an example in which lim
x!c

f(x) does not exist.

6. (Exercise 4.3.8 of [BS11]) Let f be defined on (0,1) to R. Prove that lim
x!1

f(x) = L

if and only if lim
x!0+

f(1/x) = L.

Hint: by contradiction sps sequenceis not Cauchy. Then show sequencecannota
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If : a) : let 200 be given .
WLOG

, cantale MJN.

= Ith

so /Itin-1-h) = in-ulth
So taig N(2) > Ewaks

3) : Use 2 K ! for k 4
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2. Show directly that a bounded, monotone sequence is a Cauchy sequence without
using the Monotone Convergence Theorem.

If WLOG (xu) is bonded above wel nonstone increasing
sps for contradiction (H) is

not camely
So [2018 S.t · for all NENs mecan fiel >msN
St . Xn-Xm > 800 (XnYN = Xm-Xm >Eo)By monotonicity, may as well take m=N.
Build asubsequence :
First
,
take N = 1 . So there are n< 12 Sit.

X-Xa, Er

For this M2
,
take My My St · Xhy-Xn23 Ex.

i
So me here Yunsit . Yukts-XumPE .

Take M> X
1.
Then by AP ., we can fiel KEN Sot.

KacM-X
,

Then with

Ynz
* XI+ (ume-Xnm) X+ keov M

.

So (xu) is unbanded , a contradiction/
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3. Show that the Archimedean Property and the Cauchy theorem together imply the
axiom of completeness.

Ruh : Axion of completeness => MCT = NIT= Bu
=> Camely Criterio Completeness

Metric spaces/Banach spaces
"Completeness" if all Cauchy sequences converge
If : Let AER that is non-empty and beld , above

-

construct two sequences
inductively.

Pick a.EA , b
,
tobe mynbof A.

consider ,Catbi) - if this is an nbof A,
set az=al

,
b= (atbil

·

if not, set un= (a ,+bi) , bzib ,

i
an = (antbr-1) or are

br = burn arCantbay

dependigon whethe Itan-itbr-1) is en.
nb . of A.

By construction , (am)
,
(bul are bold , monotone,

Mence by G2, carely I converge
.

carely criterial



Mossness bu-an = 2 (bu-1 - an -1) = -.. (b -a)+
So set xiz lim an inbu.

n+

WiS X= SupA . Since X= nobn
.
and bus a forall neN ,A

so X>, forall atA (turly limits preserves orde.
So X is an nib . ofA.

let 230 . Then by X=Mian ,
ENst . KnYN , X-an

#
X-a<an

.

So X-E is not an mob . of A .

So x= SapA ./
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4. Use either the " � � definition of limit or the Sequential Criterion for limits, to
establish the following:

(a) lim
x!0

x2

|x| = 0

(b) lim
x!1

x2 � x+ 1

x+ 1
=

1

2

(c) lim
x!0

1p
x
, (x > 0) does not exist.

Pf : b) Let 20. Then

** - 2) = /* /(-11)
-k-1 =(x - 1).

So tuly d=E works.

c) Use sequential criterion .

Let Xn= .
.

Then Xn- 0 anD,
and X30 forall new

But we have

= i n which druges to infinity in n
+0.
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5. (Exercise 4.1.14 of [BS11]) Suppose c 2 R and f is a function on R so that
lim
x!c

(f(x))2 = L.

(a) If L = 0, show that lim
x!c

f(x) = 0 as well.

(b) If L 6= 0, provide an example in which lim
x!c

f(x) does not exist.

Efra) Spsl)) = 0. Then for all EO , we can

fiel 830 sit. for OSK-ckf ,
we have

1(f()(2) <22
Thing square roo yields the result.

↑ - E Take f(x) = /ExI
Then (f(x)) =L andMi (f(F= L,
but heneef(x) DNE -/
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6. (Exercise 4.3.8 of [BS11]) Let f be defined on (0,1) to R. Prove that lim
x!1

f(x) = L

if and only if lim
x!0+

f(1/x) = L.

First Sps Mimf(x) = 2 .

Then forall 200
, there isa

k(a) >0 sit. ferry X>K

If(x)-21.

Taliy 6=*, then wehave for 0 <zty
,

me have ESK,
and so If(z) - 1/13.
OTOH

, sps , Mief(*) = 1 . Then forall 26 , there is

a 8(2) sit· fo 0<X8
,

If(z) -LkE ·

So by Ap
, taliy 15 ,

we here that 0<* /OCK

-

If(z) -L= /f(z) - 2) <%


